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Abstract 
Suppose G is a graph, F is a l-factor of G. G is called F-Hamiltonian, if there exists 
a Hamiltonian cycle containing F in G. In this paper, two necessary and sufficient condi- 
tions for a general graph and a bipartite graph being F-Hamiltonian are provided, respectively. 
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1. Introduction 
The definitions in this paper are based on [3]. All the graphs we consider are simple. 
Suppose G is a graph and F is a l-factor of G, if there exists a Hamiltonian cycle con- 
taining F in G, then G is called F-Hamiltonian. For Vj C V(G), & C V(G), V, n V, = 0, 
let (~,V2)={el~=(~,~)~~(G),~~~‘1,~~V2}.[~:V21=I(~,~12)1. For s2V(G), 
A4 C_ E(G), the subgraph G - S is defined to be the subgraph of G obtained by re- 
moving all the vertices in S and all edges incident to them, the subgraph G - M is 
defined to be what is obtained by removing all the edges in M from G. P[x, y] means 
a path whose two ends are x and y. Take KG to be the complete graph with vertex 
set v(&)={Yi 11 < i < 6). Let SI =& - {(Y,,Y2),(yl,y4)},(Y2,Y3),(y3~y4)}. Take 
K3,3 to be the complete bipartite graph with bipartition (A 1, BI ), where Al = {XI ,x2, x3); 
BI = (~1, ~2, ~3). Let S2 = K3.3 - {(XI, yl ),(x2, ~2)). Terminology without explanation 
here can be seen in [3]. 
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2. Preliminary lemmas 
Lemma 1 (Haggkvist [I]). Let G be a graph, ] V(G)] = n 3 4, n is even. Zffor each 
pair u, v of nonadjacent vertices of G, we have 
do(n) + da(u) > n + 1. 
Then, for any 1 -factor F of G, G is F-Hamiltonian. 
Lemma 2 (Las Vergnas [2]). Let G=(A,B,E) be a bipartite graph such that [A[ = 
(BI = n 2 2. Zf; for each pair u, v of nonadjacent vertices with u E A, u E B, we have 
do(U) + da(u) k n + 1. 
Then, for any l-factor of G, G is F-Hamiltonian. 
3. Main results 
Theorem 1. Let G be a graph on n (na 4, n is even) vertices, 
6(G) = x~jir&4Ax)~ B 23 I&G)1 2 2 (n-lw2)+1 9 
then, for any I-factor of G, G is F-Hamiltonian if and only tf G y S,. 
Proof. (+) For l-factor F={(yl,y~),(y~,y4),(y5,ye)} of Si, it is easy to verify that 
Si is not F-Hamiltonian, hence G p Si , 
(-e) For any l-factor of G, when n =4 or GE? Ke, the statement is true. Suppose 
n = 6 and G $f? Ke. For each pair x, y of nonadjacent vertices of G, since /E(G)] 2 1 I, 
then do(u) + do(u) 2 5. Furthermore, if do(U) + do(u) > 7, G is F-Hamiltonian by 
Lemma 1. Therefore, we may assume that there exist U, v, (u, u) 4E(G), such that 
5 < k(u) + dG(u) < 6. If k(u) + do(u) = 5, then G-{u, u} is a complete graph, the 
statement is clearly true. Otherwise, G-{u, u} has at most one pair of nonadjacent ver- 
tices. Without loss of generality, we may assume that G - {u, u} has exactly one pair 
of nonadjacent vertices. Suppose F’(G - {u, u}) = {x~,x~,x~,.x~}, (u,xi) E F, (11,x2) E F 
and (x3,x4) E F. Consider the following two cases. 
&Se (a): (x~,xz)%E(G). SinCe do(U) i- da(u)=6, then maX{do(#),do(U)} > 3, 
we may assume do(u) 2 3. It follows that (qq)EE(G) or (qxq)EE(G). Suppose 
(u,x3) E V(G) (when (U,XJ) E,?(G), the proof is similar). 
Subcase (a.1): (&xi) EE(G). Then C= uxiux3x~~~u contains F. 
Subcase (a.2): (a,xi)@(G). Since do(u) B 2, we have (u,xj)~E(G) or 
(~7x4) E E(G). 
Subcase (a.2.1): (u,xg)~E(G). In this subcase, we must have (u,xz)~E(G). If 
(~7x2) @(G), th en ( U, x4) E E(G) and (0,x4) E E(G), thus G 2 Si . This contradicts the 
hypothesis. Because of (u,x2) E E(G), we obtain C = ox3x4xi ux2v containing F. 
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Subcase (a.2.2): (u,xq) E E(G). It is similar to the method used in (a.2.1). 
Case (b): (x,,xz)EE(G). Similarly to (a), we may assume that (u,x~)EE(G). If 
(u,,q) E,?(G), C =X~UX~X~UX~X~ contains F, otherwise (u,q) &E(G). 
Subcase (b.1): do(u) = 2. Since do(u) = 6--&(u) = 4, we have (U,XZ) E E(G), (u,x3) 
GE(G) and (u,x4) E&G). 
Subcase (b.l.1): (&x3) E E(G). Then C = rx3x4Uxix2u contains F. 
Subcase (b.1.2): (u,x3)$E(G). We must have (u,xi) E,!?(G). If (x~,x~)EE(G), then 
C = x3x4x2a~.‘xux3 contains F. Otherwise, Since G - {u, 0) has exactly one pair of non- 
adjacent vertices, we have (.x3,x2) E E(G). If follows that C =.x~x~x~ux~ U.X~ contains F. 
Subcase (b.2): &(u)>2. Since (u,xq)$E(G), we have (r,xi)EE(G), (u,xs)EE(G). 
If (x2,x4) GE(G), then C=X~X~X~VX~UX~ contains F. Otherwise, we have (x2,x3) 
E E(G). 
Subcase (b.2.1): (u,xz)~E(G). Then C=X~X~X~U.X~UX~ contains F. 
Subease (b.2.2): (u,x~)kjE(G). Since do(U) 2 3, we have (u,x4)EE(G). It follows 
that C = X~X~XIUX~X~ contains F. 
To sum up, we may assume that n 2 7 in what follows. If G 2 K,,, of course G is 
F-Hamiltonian. Otherwise, for each pair x,y of nonadjacent vertices, we have 
dG(x) + dG(y) + 
(n - 2)(n - 3) > (n - l)(n - 2) + 1 
2 ’ 2 
Therefore, 
dG(x) + dG(y) 2 n - 1. 
Furthermore, if dG(~)+dG(y) 2 n+l, then G if F-Hamiltonian by Lemma 1. Otherwise, 
there exist u, u E V(G), (u, u) &E(G), such that 
n - 1 d C&(u) +&(u) 6 n. 
Suppose XE V(G),~E V(G) such that (U,X)E F, (u,y)~F. Let G(i)= G - {u,u}, 
ei =(u,x), ez=(u,y), FI =F-{el,ez}, G(2)=G-{u,u,x}, and G(3)=G-{u,u,x,y}. 
Consider the following cases. 
Case (1): dG(~)+dG(t~)=n- 1. Then G(‘) is complete graph, since do(u) + do(v) 
2 7, we may assume that do(u) 2 4. Hence, there exists z E V(G(‘)), z fx, z # y, such 
that (u,z) E&G). 
Subcase (1.1): (u,x) E E(G). In complete graph Gc2), there exists a path P[y,z] 
containing FL. Then, C = P[y,z] uxuy contains F. 
Subcase (1.2): (u,x)@E(G). As do(u) 2 2, we have WE V(G(‘)), w# y, such that 
(0, w) E E(G). 
Subcase (1.2.1): (u, y) E E(G). It is similar to (1 .l ). 
Subcase (1.2.2): (u,y)$E(G). Since G (3) is Fi-Hamiltonian, without loss of gener- 
ality, suppose C = alblazbz . . . a(,_4);2b+4)/2al is a Hamiltonian cycle containing FI 
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in Gc3), and (a;, bi) E F, 1 < i < n - 412. Consider the sum 
(n-4)/2 
d@,(U) + d@(U) = c ([u : bk] + [v : u/c+11 + [u : &+,I + [v : &I) 
k=l 
= dG(ti) + C&(u) - 2 
= n - 3 > Pl - 4(U(,-4)/z+, = U, ). 
Hence, for some m, 1 d m 6 (n - 4)/2, we have 
[U : b,] + [u : a,+,] + [u : a,,,] + [v : b,] 2 3. 
Without loss of generality, assume m = 1 and [U : bl] + [u : a~] = 2, i.e., (u, b, ) E E(G) 
and (u, a~) E E(G). So, we have C = a, bl uxyuuzbz . . . u(,_4)pb+4)pl containing F. 
Case (2): &(u)+&(u) =n. Then, G (‘1 has at most one pair of nonadjacent vertices. 
When G(‘) “K-2, the proof is similar to (1). We may therefore assume G(’ ) has 
exactly one pair of nonadjacent vertices. 
Subcuse (2.1): (x,Y)~E(G). 
Subcase (2.1.1): (u,x)EE(G). It is similar to (1.1). 
Subcase (2.1.2): (u,x) $E(G). Then, there exists w E V(G(‘)), w # y, such that 
(0, w) E E(G). 
Subcase (2.1.2.1): (u, y) E E(G). It is similar to (1.2.1). 
Subcase (2.1.2.2): (u, y) @E(G). Then, dc~~~(u)+dc~~~(u) = n - 2. Since Gc3) 2 Kn_4, 
without loss of generality assume that C = a, bluzbz . . . u(,-4)pb+4)pu~ is a Hamilton 
cycle in Gc3) and (ai, b;) E F, 1 < i < (n - 4)/2. Consider the following inequalities. 
(n-4)/? 
d@(U) + d~lN(U) = c ([ U : ak] + [U : bk] + [U : bk] + [U : ak]) 
k=l 
=n-2>n-4. 
Therefore, there exists an m E { 1,2,. . . , y}, such that 
[u : a,] + [u : b,] + [u : b,] + [u : a,] > 3. 
Wemayassumethatm=l and[u:u,]+[u:b,]=2,i.e., 
Let es =(ul,b,), G(4)=G-{u,u,al,bl}. Since G c4) has only one pair x, y of nonadja- 
cent vertices, we find apathP[y,x] containing F-{el,ez,e3}. Thus, C=P[y,x]uu~b~uy 
contains F. 
Subcase (2.2): (x, y) E E(G). 
Subcase (2.2.1): (u, y) E E(G), (up) E E(G). Then &S(U) + &O,(U) = n - 4 2 4. 
We may assume that do,,,(u) > 2, i.e., u are adjacent with at least two vertices, say 
+,a, of Gc3). By Lemma 1, Gc3) is F1-Hamiltonian. Without loss of generality, sup- 
pose C = al u2a3 . . .a,,-4ul is a Hamiltonian cycle which contains FI in Gc3), and 
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(ai,ai+r ) E F for i = 1,3,5,. . . ,n - 5. The vertices that are not adjacent in Gc3) are 
pI and p2 with ap #an-d. 
Subcase (2.2.1.1): y E {PI, ~2). Without loss of generality, suppose (y,al) $E(G). 
When p is even, C = a,uxvya,+~ , . .an_5an_4ala2.. . up is a Hamiltonian cycle contain- 
ing F. When p is odd, C = aP_laP_2.. . alan-dun-s.. .a,,uxvya,_l contains F. 
Subcase (2.2.1.2): y 4 {p,, p2}. Then y is adjacent to each vertex of Gc3’. It is easy 
to construct a Hamiltonian cycle which contains F. 
Subcase (2.2.2): (u, y) 4$(G) or (VJ) &E(G). Then, d,,,,(u)+d,,3,(v)>n-4. There- 
fore, there is m E {2,4,6, . . , n - 4) such that 
[u : a,] + [v : a,+11 + [u : a,+11 + [v : a,] 2 3. 
We may assume 
[u : a,] + [v : a,+11 = 2, 
i.e., 
(u, a,) E E(G) and (v, am+1 ) E E(G). 
Thus, C=a,a,_, . ..alan_4an_s . ..a.+lvyxua, contains F. 
The proof of Theorem 1 is complete. ??
Theorem 2. Let G be a bipartite graph with bipartition (A,B). Such that (Al = jB\ = 
n > 2, 6(G) =min,,~(o){do(x)} > 2, [E(G)] > n2 - n + 1. Then, for any l-factor F 
of G, G is F-Hamiltonian if and only if G y S2. 
Proof. (+) For l-factor F={xl,y2},(yl,x& (xs,y3)} of &, since S2 is not 
F-Hamiltonian, we have G y S2. 
(-+) For bipartite graph G with bipartition (A,B), suppose A= {x1,x2,. . .,xn}; 
B={YI,Yz,..., yn} and F is a l-factor of G. If G is a complete bipartite graph, 
the statement is clearly true. Otherwise, for each pair x, y of nonadjacent vertices with 
XEA, YEB, we have 
d&)+&(y) > II. 
Furthermore, if do(x) + do(y) > n + 2, then G is F-Hamiltonian by Lemma 2. Other- 
wise, there exist U,VE V(G), UEA, VEB, (u,v)$!E(G), such that 
n d do(x) + do(y) 6 n + 1. 
Choosex,EA, y~~B,x,#u, y~#v,suchthat(u,y~)~Fand(v,x,)~F, 2<m,ld 
n. Without loss of generality, we may assume that u =x1, v = yt, x, =x2, y/ = y2. 
Put G(*)=G - {XI, yl}, G’=G - {XI, y1,x2, ~2). et =(x1, y2), e2 =(yi,x2). Consider 
the following cases. 
Case (1): do(xI) + do(yl)=n. Then, G(*) is a complete bipartite graph. Since 
S(G) > 2, it is allowed to choose x,, E A, y, E B such that (x1, yq) E E(G) and 
(YIJ,)ERG), 3 d p,q d n, and let e3=(xp,yq). 
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Subcase (1.1): es E F. In the complete bipartite graph G - {xi, yl ,xp, y4}, there 
exists a path P[y2,x2] which contains F - {q,e2,e3}. Then, C =P[y2,x2]yIxpyqxIy2 
contains F. 
Subcase (1.2): e3 4F. In the complete bipartite graph G’, there exists a path p[yq,xp] 
which contains F - {el,~}. Then, C =P[yq,xp]yix2y2xiyq contains F. 
Case (2): &(x1) + &(yi)=n + 1. Then, G (*) has at most one pair of nonadja- 
cent vertices. Without loss of generality, we assume that Cc*) has exactly one pair 
of nonadjacent vertices. In this case, we must have n 2 4. If n = 3, then &(x1) + 
&(yt ) = 4, E(G(*)) = 3. Hence G % &. A contradiction appears. Now, suppose n > 4. 
Since d&i ) + &(yi ) > II - 2, there exist xp, E V(G’),y,, E V(G’), such that (x~,y~,) E 
E(G), (yi ,xp, ) E E(G), (xp,, y,, ) E F. Without loss of generality, suppose xp, =x3, yq, 
=y3, e’=(x3,Y3). 
Subcase (2.1): (x2, ~2) @E(G). In the bipartite graph G - {xi, YI,XJ, ys}, there exists 
a path P[xz, y2] which contains F - {el,ez,e’}, and hence C =P[x2,y2]X{ysX3yiX2 
contains F. 
Subcase (2.2): (~2, y2) E E(G). Without loss of generality, assume that (xn, y,) &E 
andh,.m)EF, (Q,Y~)EF,..., Gn-2,yn--2)~F, (~,-I,Y,)EF~~~(Y,,-I,x,)EF. We 
obtain ~=Y2XlY3X3yIX2Y~~~-IYn-I~nYn-2~n-2.. . y4x4y2 is a Hamiltonian cycle con- 
taining F. 
The proof of Theorem 2 is complete. 0 
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